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Abstract—Recent works have proposed novel semi-analytical
computational methods to model the viscoelastic rolling behavior
of objects such as cylinders and spheres, including rolling
resistance. This paper introduces and applies an extension of such
methods to model the steady-state spinning behavior of a circular
viscoelastic coating under the effect of gravity. The proposed
modeling technique is wide-ranging in that it can accommodate
any linear viscoelastic material characterized by its most general
frequency-domain master-curves. The results of the model reveal
that the mechanical behavior of the spinning viscoelastic coating
is significantly different from that of a similar coating with
purely elastic properties. The method can potentially be applied
to characterize viscoelastic materials from either laboratory or
field measurements. It could also be used to study the behavior
of precision measurement devices and propellant grains under
gravitational loads, or to model very large scale phenomena such
as the tidal locking of celestial bodies.
Keywords—semi-analytical modeling; boundary element methods; viscoelasticity; energy dissipation.
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General model of a coated cylinder and its coordinate systems.

I. M ODELING TECHNIQUE
Novel computational approaches modeling the viscoelastic
rolling behavior of cylinders and spheres were presented in
recent works. e.g. [1]–[6]. In this paper, we build on and extend
these methods to model the steady-state spinning behavior of
a circular viscoelastic coating under the effect of gravity.
A. Problem setting
Figure 1 shows a rigid cylinder of radius 𝑟𝑖 coated with a
viscoelastic layer of uniform thickness 𝑡 = 𝑟𝑜 −𝑟𝑖 . The coating
is perfectly bonded to the cylinder and the system is spinning
clockwise at a constant angular speed Ω about its fixed axis
at point 𝑂. Gravity is acting downwards, i.e. in the direction
of the fixed 𝑦-axis.
The rectangular coordinate system 𝑂𝑥𝑦 is fixed. It is
associated with a system of polar coordinates 𝑟 and 𝜃 by means
of the usual relations
𝑥 = 𝑟 cos(𝜃);

𝑦 = 𝑟 sin(𝜃).

(1)

The rectangular coordinate system 𝑂𝑥′ 𝑦 ′ follows the cylinder
as it rotates about the fixed point 𝑂. It is associated with a
system of polar coordinates 𝑟′ and 𝜃′ in a similar way, i.e.
𝑥′ = 𝑟′ cos(𝜃′ );

𝑦 ′ = 𝑟′ sin(𝜃′ ).

(2)

The polar coordinates 𝑟 and 𝜃 of the fixed system can be
related to their primed counterparts in the rotating system by
a simple transformation involving the time variable 𝑡, i.e.
𝑟 = 𝑟′ ;

𝜃 = 𝜃′ + Ω𝑡.

(3)

Because the state of motion is steady, any generic field 𝑓 (𝑟, 𝜃)
in the continuum of the coating does not depend explicitly on
time. Furthermore, equations (3) lead to a spatial expression
of the 𝑛𝑡ℎ -order derivative of 𝑓 (𝑟, 𝜃) with respect to time
𝑑𝑛 𝑓
∂𝑓
= Ω𝑛 .
𝑛
𝑑𝑡
∂𝜃

(4)

.
B. Governing equations
Let 𝑢𝑟 and 𝑢𝜃 be the components of the displacement
field in 𝑂𝑟𝜃, along the unit vectors e𝑟 and e𝜃 respectively.
The position vector of a (displaced) point 𝑀 (𝑟, 𝜃) in the
continuum writes
x (𝑟, 𝜃) = (𝑟 + 𝑢𝑟 ) e𝑟 + 𝑢𝜃 e𝜃 .

(5)

The velocity and acceleration fields are obtained by differentiating equation (5) with respect to time, according to expression
(4), which yields
v (𝑟, 𝜃) = Ω [(𝑢𝑟,𝜃 − 𝑢𝜃 ) e𝑟 + (𝑢𝜃,𝜃 + 𝑟 + 𝑢𝑟 ) e𝜃 ] ,

(6)

a (𝑟, 𝜃) = Ω2 [(𝑢𝑟,𝜃𝜃 − 2𝑢𝜃,𝜃 − (𝑟 + 𝑢𝑟 )) e𝑟
+ (𝑢𝜃,𝜃𝜃 + 2𝑢𝑟,𝜃 − 𝑢𝜃 ) e𝜃 ] .

(7)

The local equilibrium equations in the continuum of the layer
write
div (𝝈) + 𝜌g = 𝜌a,
(8)
where 𝝈 is the stress tensor, 𝜌 is the density of the viscoelastic
material and g denotes the acceleration of gravity. Plugging
equation (7) into (8) and expressing (8) in polar coordinates
yields
1
1
𝜎𝑟𝑟,𝑟 + 𝜎𝑟𝜃,𝜃 + (𝜎𝑟𝑟 − 𝜎𝜃𝜃 ) + 𝜌𝑔 sin (𝜃)
𝑟
𝑟
= 𝜌Ω2 (𝑢𝑟,𝜃𝜃 − 2𝑢𝜃,𝜃 − (𝑟 + 𝑢𝑟 )) , (9a)
1
2
𝜎𝑟𝜃,𝑟 + 𝜎𝜃𝜃,𝜃 + 𝜎𝑟𝜃 + 𝜌𝑔 cos (𝜃)
𝑟
𝑟
= 𝜌Ω2 (𝑢𝜃,𝜃𝜃 + 2𝑢𝑟,𝜃 − 𝑢𝜃 ) .
(9b)
The term 𝜌Ω2 𝑟 appearing in equation (9a) corresponds to the
Coriolis effect, which is due to the rotation of the cylinder.
The components of the strain tensor 𝝐 are expressed, in polar
coordinates, in terms of the displacements as follows
𝜖𝑟𝑟 = 𝑢𝑟,𝑟 ,
1
𝜖𝜃𝜃 = (𝑢𝜃,𝜃 + 𝑢𝑟 ) ,
𝑟(
)
1 1
1
𝑢𝑟,𝜃 + 𝑢𝜃,𝑟 − 𝑢𝜃 .
𝜖𝑟𝜃 =
2 𝑟
𝑟

(10a)
(10b)

C. Boundary conditions
The displacement field u (𝑟𝑖 , 𝜃) is equal to zero over the
inner boundary of the coating, which is attached to the rigid
cylinder. Also, the surface tractions 𝜎𝑟𝑟 (𝑟𝑜 , 𝜃) and 𝜎𝑟𝜃 (𝑟𝑜 , 𝜃)
are equal to zero over the outer boundary of the coating.
D. Typical Fourier series expansions
The problem setting is spatially periodic in the circumferential direction. Since the rolling takes places in steady-state,
any generic field 𝑓 (𝑟, 𝜃) in the continuum of the coating is
periodic, of periods 2𝜋, in the spatial variable 𝜃. A Fourier
series expansion of 𝑓 writes
∞
∑
𝑚=−∞

𝑓𝑚 (𝑟) 𝑒𝑖𝑚𝜃 ,

(12)

(13)

Equations (12) and (13) are applied to the stresses, displacements and strains in the viscoelastic coating.
E. General solution to Fourier coefficients
Both sets of equations (9) and (10) can be expressed in
terms of Fourier coefficients by substituting relevant fields by
their Fourier series expansions (i.e equation (12)) and using the
orthogonality property of complex exponentials. In the domain
of Fourier coefficients, the equilibrium equations write
1
𝑖𝑚
𝑖𝜌𝑔
(𝜎𝑟𝑟𝑚 − 𝜎𝜃𝜃𝑚 ) +
𝜎𝑟𝜃𝑚 +
(𝛿−1𝑚 − 𝛿1𝑚 )
𝑟 ((
𝑟
2
)
)
+ 𝜌Ω2 1 + 𝑚2 𝑢𝑟𝑚 + 2𝑖𝑚𝑢𝜃𝑚 + 𝑟𝛿𝑚0 = 0, (14a)
𝑖𝑚
2
𝜌𝑔
𝜎𝜃𝜃 + 𝜎𝑟𝜃𝑚 +
(𝛿−1𝑚 + 𝛿1𝑚 )
𝜎˙ 𝑟𝜃𝑚 +
𝑟 ( 𝑚 𝑟
2 )
)
(
2
2
(14b)
− 𝜌Ω 2𝑖𝑚𝑢𝑟𝑚 − 1 + 𝑚 𝑢𝜃𝑚 = 0,
𝜎˙ 𝑟𝑟𝑚 +

where 𝛿𝑖𝑗 is the Kronecker delta and the upper dot ( ˙ ) denotes
differentiation with respect to the spatial variable 𝑟. The strain
equations in (10) are transformed into the Fourier domain,
similarly, which yields
𝜖𝑟𝑟𝑚 = 𝑢˙ 𝑟𝑚 ,
1
𝜖𝜃𝜃𝑚 = (𝑖𝑚𝑢𝜃𝑚 + 𝑢𝑟𝑚 ) ,
𝑟(
)
1 𝑖𝑚
1
𝑢𝑟 + 𝑢˙ 𝜃𝑚 − 𝑢𝜃𝑚 .
𝜖𝑟𝜃𝑚 =
2
𝑟 𝑚
𝑟

(10c)

Let 𝜆(𝑡) and 𝜇(𝑡) be the time-dependent Lamé parameters
characterizing the viscoelastic behavior of the layer’s material.
Assuming that stresses and strains are equal to zero for
all negative values of the time variable 𝑡, the constitutive
equations of linear isotropic viscoelasticity can be written,
using indicial tensor notation, as ( [7]–[9])
∫ ∞
∂𝜖𝑖𝑗
𝑑𝜏
2𝜇 (𝑡 − 𝜏 )
𝜎𝑖𝑗 (𝑡) =
∂𝜏
−∞
∫ ∞
∂𝜖𝑘𝑘
+ 𝛿𝑖𝑗
𝑑𝜏 .
(11)
𝜆 (𝑡 − 𝜏 )
∂𝜏
−∞

𝑓 (𝑟, 𝜃) =

where the Fourier coefficients 𝑓𝑚 (𝑟) are given by
∫ 𝜋
1
𝑓 (𝑟, 𝜃) 𝑒−𝑖𝑚𝜃 𝑑𝜃.
𝑓𝑚 (𝑟) =
2𝜋 −𝜋

(15a)
(15b)
(15c)

The constitutive equations are handled as follows: Fourier
series expansions (12) of stresses and strains are plugged into
equation (11) and all terms in the latter are shifted to the lefthand-side. Equation (3) is then used to reveal the time variable
explicitly
∞
∑

′

𝜎𝑖𝑗𝑚 (𝑟) 𝑒𝑖𝑚𝜃 𝑒𝑖𝑚Ω𝑡

𝑚=−∞

∫

∞

∂
−
2𝜇 (𝑡 − 𝜏 )
∂𝜏
−∞
−𝛿𝑖𝑗

∫∞

∂
𝜆 (𝑡 − 𝜏 ) ∂𝜏
−∞

(

∞
∑

𝑚=−∞
( ∞
∑
𝑚=−∞

(16)
)
′

𝜖𝑖𝑗𝑚 (𝑟) 𝑒𝑖𝑚𝜃 𝑒𝑖𝑚Ω𝜏
′

𝜖𝑘𝑘𝑚 (𝑟) 𝑒𝑖𝑚𝜃 𝑒𝑖𝑚Ω𝜏

𝑑𝜏
)
𝑑𝜏 = 0.

Partial differentiation with respect to time is performed and
terms are rearranged under the same summation sign so that
the complex exponential in 𝜃′ can be factored out. The orthogonality of complex exponentials is then invoked to eliminate
the summation sign, which yields
∫ ∞
2𝜇 (𝑡 − 𝜏 ) 𝑒𝑖𝑚Ω𝜏 𝑑𝜏 𝜖𝑖𝑗𝑚 (𝑟)
𝜎𝑖𝑗𝑚 (𝑟) 𝑒𝑖𝑚Ω𝑡 − 𝑖𝑚Ω
−∞
∫ ∞
− 𝛿𝑖𝑗 𝑖𝑚Ω
𝜆 (𝑡 − 𝜏 ) 𝑒𝑖𝑚Ω𝜏 𝑑𝜏 𝜖𝑘𝑘𝑚 (𝑟) = 0.
(17)
−∞

The change of variable 𝜉 = 𝑡 − 𝜏 is then introduced, and the
complex exponential in the variable 𝑡 is factored out
[
∫ ∞
2𝜇 (𝜉) 𝑒−𝑖𝑚Ω𝜉 𝑑𝜉𝜖𝑖𝑗𝑚 (𝑟)
𝜎𝑖𝑗𝑚 (𝑟) − 𝑖𝑚Ω
−∞
]
∫ ∞
𝜆 (𝜉) 𝑒−𝑖𝑚Ω𝜉 𝑑𝜉𝜖𝑘𝑘𝑚 (𝑟) 𝑒𝑖𝑚Ω𝑡 = 0. (18)
−𝛿𝑖𝑗 𝑖𝑚Ω

effect, writes
〈
𝑖𝜌𝑔
(𝛿−1𝑚 − 𝛿1𝑚 ) ,
(24)
b𝑚 (𝑟) = 0, 0, −𝜌Ω2 𝑟𝛿𝑚0 −
2
〉𝑇
𝜌𝑔
− (𝛿−1𝑚 + 𝛿1𝑚 ) .
2

The above being true for all times 𝑡, it may be concluded that

q𝑚 (𝑟) = T𝑚 (𝑟, 𝑟𝑖 ) q𝑚 (𝑟𝑖 ) + J𝑚 (𝑟, 𝑟𝑖 ) ,

−∞

𝜎𝑖𝑗𝑚 (𝑟) =

2𝜇∗𝑚 𝜖𝑖𝑗𝑚
𝜇∗𝑚

(𝑟) +

𝜆∗𝑚 𝜖𝑘𝑘𝑚

(𝑟) 𝛿𝑖𝑗 ,

∗

(19)
𝜆∗𝑚

= 𝜇 (𝜔𝑚 ) = 𝑖𝜔𝑚 𝜇
ˆ(𝜔𝑚 ),
=
where 𝜔𝑚 = 𝑚Ω,
ˆ 𝑚 ) being the Fourier
ˆ 𝑚 ), 𝜇
𝜆∗ (𝜔𝑚 ) = 𝑖𝜔𝑚 𝜆(𝜔
ˆ(𝜔𝑚 ) and 𝜆(𝜔
transforms of 𝜇(𝑡) and 𝜆(𝑡), respectively.
After all governing equations have been transformed into the
domain of Fourier coefficients, four state variables are retained
and arranged is a state vector q𝑚 as indicated below
𝑇

q𝑚 (𝑟) = ⟨d𝑚 (𝑟), f𝑚 (𝑟)⟩ ,

(20)

where
𝑇

d𝑚 (𝑟) = ⟨𝑢𝑟𝑚 (𝑟), 𝑢𝜃𝑚 (𝑟)⟩ ,
𝑇

f𝑚 (𝑟) = ⟨𝜎𝑟𝑟𝑚 (𝑟), 𝜎𝑟𝜃𝑚 (𝑟)⟩ .

𝜆∗𝑚 𝒮1∗𝑚
(𝑢𝑟𝑚 + 𝑖𝑚𝑢𝜃𝑚 ) + 𝒮1∗𝑚 𝜎𝑟𝑟𝑚 ,
(21a)
𝑟
𝑖𝑚
1
1
(21b)
𝑢˙ 𝜃𝑚 = − 𝑢𝑟𝑚 + 𝑢𝜃𝑚 + ∗ 𝜎𝑟𝜃𝑚 ,
𝑟
𝑟
𝜇𝑚
( ∗
)
(
)
𝒮 2𝑚
𝜎˙ 𝑟𝑟𝑚 =
− 𝜌Ω2 1 + 𝑚2 𝑢𝑟𝑚
(21c)
2
𝑟
( ∗
)
2𝜇∗𝑚 𝒮1∗𝑚
𝒮 2𝑚
2
𝜎𝑟𝑟𝑚
−
2𝜌Ω
−
+ 𝑖𝑚
𝑢
𝜃
𝑚
𝑟2
𝑟
𝑖𝑚
𝑖𝜌𝑔
𝜎𝑟𝜃 − 𝜌Ω2 𝑟𝛿𝑚0 −
(𝛿−1𝑚 − 𝛿1𝑚 ) ,
−
𝑟( 𝑚
2
)
∗
𝒮 2𝑚
𝜎˙ 𝑟𝜃𝑚 = −𝑖𝑚
− 2𝜌Ω2 𝑢𝑟𝑚
(21d)
𝑟2
( ∗
)
(
)
𝒮 2𝑚 2
𝑚 − 𝜌Ω2 1 + 𝑚2 𝑢𝜃𝑚
+
2
𝑟
𝜆∗ 𝒮 ∗
2
𝜌𝑔
(𝛿−1𝑚 + 𝛿1𝑚 ) ,
− 𝑖𝑚 𝑚 1𝑚 𝜎𝑟𝑟𝑚 − 𝜎𝑟𝜃𝑚 −
𝑟
𝑟
2
𝑢˙ 𝑟𝑚 = −

where 𝑆1∗𝑚 and 𝑆2∗𝑚 are shorthand parameters defined below
𝒮2∗𝑚 = 4𝜇∗𝑚 (𝜆∗𝑚 + 𝜇∗𝑚 ) 𝒮1∗𝑚 .

(22a)
(22b)

By analogy to forced time-varying systems in linear system
theory (e.g. [10]), equations (21) can be written in the form
q̇𝑚 (𝑟) = A𝑚 (𝑟) q𝑚 (𝑟) + b𝑚 (𝑟)

(25)

where J𝑚 (𝑟, 𝑟𝑖 ) is given by
∫ 𝑟
T𝑚 (𝑟, 𝑠) b𝑚 (𝑠) 𝑑𝑠,
J𝑚 (𝑟, 𝑟𝑖 ) =

(26)

𝑟𝑖

and T𝑚 (𝑟, 𝑟𝑖 ) corresponds to the state-transition matrix.
Equation (25) can be written in the form
[

d𝑚 (𝑟)
f𝑚 (𝑟)

]

[
=

T𝑚,11 (𝑟, 𝑟𝑖 )
T𝑚,21 (𝑟, 𝑟𝑖 )

] [
] [
]
d𝑚 (𝑟𝑖 )
J𝑚 (𝑟, 𝑟𝑖 ) (1 : 2)
T𝑚,12 (𝑟, 𝑟𝑖 )
×
+
,
T𝑚,22 (𝑟, 𝑟𝑖 )
f𝑚 (𝑟𝑖 )
J𝑚 (𝑟, 𝑟𝑖 ) (3 : 4)

(27)

where J𝑚 (𝑟, 𝑟𝑖 ) (𝑝 : 𝑞) denotes the subvector of J𝑚 (𝑟, 𝑟𝑖 )
comprising its components 𝑝 through 𝑞. Incorporating the
boundary conditions d𝑚 (𝑟𝑖 ) = 0, Fourier coefficients of
displacements and stresses at 𝑟 are related explicitly
d𝑚 (𝑟) =T𝑚,12 (𝑟, 𝑟𝑖 )T−1
𝑚,22 (𝑟, 𝑟𝑖 ) (f𝑚 (𝑟) − J𝑚 (𝑟, 𝑟𝑖 ) (3 : 4))

Combining equations (14), (15) and (19), and eliminating
non-state quantities yields the following system of ordinary
differential equations in the state variables

𝒮1∗𝑚 = 1/ (𝜆∗𝑚 + 2𝜇∗𝑚 ) ,

The solution to system (23) is of the form

(23)

where A𝑚 (𝑟) is a 4 × 4 complex-valued matrix and the
‘forcing’ term b𝑚 (𝑟), resulting from gravity and the Coriolis

+ J𝑚 (𝑟, 𝑟𝑖 ) (1 : 2).

(28)

The evaluation of T𝑚 (𝑟, 𝑟𝑖 ) can be carried out numerically,
to the desired degree of accuracy, using the block-pulse technique proposed in [11]. As a more efficient and straightforward
alternative, the integration domain [𝑟𝑖 , 𝑟] is divided into 𝑛𝑟
sub-intervals of equal size Δ𝑟 = (𝑟𝑜 − 𝑟) /𝑛𝑟 , and the statetransition matrix T𝑚 (𝑟, 𝑟𝑖 ) is written as
T𝑚 (𝑟, 𝑟𝑖 ) =

𝑛𝑟
∏

eΔ𝑟A𝑘 ,

(29)

𝑘=1

where A𝑘 = A𝑚 (𝑟𝑖 + (𝑘 − 𝛼) Δ𝑟), with 𝛼 chosen in [0, 1].
Evaluating expression (26) requires numerical integration,
which is computationally expensive. Fortunately, no more than
two evaluations are needed in the present case since b𝑚 ∕= 0,
and hence J𝑚 (𝑟, 𝑟𝑖 ) ∕= 0 for 𝑚 ∈ {0, ±1}, only. Plugging
equation (28) for the Fourier coefficients d𝑚 (𝑟𝑜 ) into equation
(12), it is readily shown that the total displacement field at
the outer boundary of the coating u (𝑟𝑜 , 𝜃) corresponds to the
sum of three terms: u𝑓 (𝑟𝑜 , 𝜃) generated by potential surface
tractions, u𝑔 (𝑟𝑜 , 𝜃) due to gravity and u𝑐 (𝑟𝑜 ) which results
from the Coriolis effect. These three terms are given below:
u𝑓 (𝑟𝑜 , 𝜃) =
∞
∑
[
𝑚=−∞

(30a)
]
𝑖𝑚𝜃
T𝑚,12 (𝑟𝑜 , 𝑟𝑖 )T−1
,
𝑚,22 (𝑟𝑜 , 𝑟𝑖 )f𝑚 (𝑟𝑜 ) 𝑒

u𝑔 (𝑟𝑜 , 𝜃) = 2ℜ [J1 (𝑟𝑜 , 𝑟𝑖 ) (1 : 2)
−T1,12 (𝑟𝑜 , 𝑟𝑖 )T−1
1,22 (𝑟𝑜 , 𝑟𝑖 )J1

u𝑐 (𝑟𝑜 ) = J0 (𝑟𝑜 , 𝑟𝑖 ) (1 : 2)

(30b)
]
(𝑟𝑜 , 𝑟𝑖 ) (3 : 4)𝑒𝑖𝜃 ,
(30c)

− T0,12 (𝑟𝑜 , 𝑟𝑖 )T−1
0,22 (𝑟𝑜 , 𝑟𝑖 )J0 (𝑟𝑜 , 𝑟𝑖 ) (3 : 4).

Boundary displacement field

Boundary displacement field

Ω = 0 rps

Ω = 10 rps

(a) Ω = 0 rps.

(b) Ω = 10 rps.

Fig. 2. Quiver plot of the displacement field of the outer boundary of the viscoelastic coating (a) at rest and (b) at an angular speed of Ω = 10 rps. A
purely elastic coating would behave as in (a), regardless of the angular speed.

Figure 3. These correspond to (i) the storage modulus 𝐺′ (𝜔),
which mainly characterizes the variations of material stiffness
with the angular frequency 𝜔, and (ii) the loss modulus 𝐺′′ (𝜔)
which mainly reflects the dependence on 𝜔 of the amount of
dissipated energy in the bulk.
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Frequency-domain master-curves of the Urethane rubber coating.

F. Influence of gravity loads
A compliance matrix reflecting the mechanical behavior
of the coating’s outer boundary when subjected to surface
tractions – characterized by Fourier coefficients 𝑓𝑚 (𝑟𝑜 ) – can
be constructed by performing the synthesis of the Fourier
coefficients for the corresponding displacements, as outlined
in equation (30a). However, in this work, we focus on studying
the behavior of the viscoelastic coating under the influence of
gravity, which is reflected by equation (30b).
II. A PPLICATION MODEL
A rigid cylinder of 10 mm radius coated with a 5 mm thick
layer of Urethane rubber and spinning at constant angular
speed Ω is retained. The Urethane rubber is characterized
by the viscoelastic frequency-domain master-curves shown in

Figure 2a shows a quiver plot of the displacement field
of the outer boundary of the viscoelastic coating at rest, i.e.
for Ω = 0 rps. It is interesting to note that, had the coating
been purely elastic, its time-independent response would have
also resulted in the displacement field shown in Figure 2a,
regardless of the angular speed Ω.
Figure 2b shows a quiver plot of the same field when
the cylinder is spinning clockwise, in steady-state, at an
angular speed Ω = 10 rps. In these conditions, the center
of gravity of the coating material is clearly shifted to the left
– as compared to the case of Figure 2a – which induces a
counterclockwise moment about the axis of rotation, due to
gravity. This resisting torque opposes the spinning motion and
would slow the cylinder down in the absence of a balancing
driving torque maintaining the speed.
Excluding any potential losses of power due to friction in
the mechanisms involved, it is interesting to note that maintaining the system in steady-state motion under the influence of a
force field, such as that due to gravity, requires the sustained
provision of energy. This energy is dissipated in the bulk of
the viscoelastic material where it is transformed into heat.
The variations of the magnitude of the displacement field
with the angular coordinate 𝜃 over the outer boundary of the
viscoelastic coating are shown in Figure 4, for different values
of the angular speed Ω = 0, 1.10−10 , 1.10−5 , and 10 rps.
The angle 𝜃 increases clockwise and the value 𝜃 = 𝜋/2
corresponds to the vertical axis pointing in the direction of
the gravity loads. Both axes in Figure 4 are reversed to be
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Variations of the displacement field magnitude over the outer
boundary of the viscoelastic coating with the angular coordinate 𝜃, for
different values of the angular speed Ω.
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consistent with the results displayed in Figure 2 and thus
improve its readability. The curves in Figure 4 are clearly
shifted to the left and decrease in amplitude as the angular
speed Ω increases. The reduction in amplitude is mainly due
to the fact that the storage modulus 𝐺′ (𝜔), i.e. the material
stiffness, increases with frequency (see Figure 3). The lateral
shift to the left of the material that constitutes the viscoelastic
coating results in an eccentricity of the weight which causes
the dissipative torque 𝑇𝑟 (Ω) acting counterclockwise and thus
resisting the motion (for Ω > 0).
The variations of the viscoelastic resisting torque 𝑇𝑟 with
the angular speed Ω are shown in Figure 5, for this application example. In general, the curve 𝑇𝑟 (Ω) depends on the
geometry – i.e. inner and outer radius of the coating – and
on the material parameters retained, i.e. 𝐺′ (𝜔) and 𝐺′′ (𝜔).
Linear viscoelastic solid material models can be conceptually
represented by arrangements of ideal springs and dashpots.
When such models are subjected to relatively low rates of
deformation, the dashpots flow and oppose little resistance
to motion. Also, under relatively high deformation rates, the
dashpots block and act as perfectly rigid connections. Thus,
in both extremes cases Ω → 0 and Ω → ∞, the material
model reduces to an arrangement of ideal springs and thus
behaves as if it were purely elastic. One thus expects that
the resisting torque will decrease on the left and on the
right in Figure 5, which is indeed the case. In the particular
case presented here the behavior is characterized by three
main peaks (roughly 14.3, 19.6 and 21.6 𝜇N.mm) of energy
dissipation at intermediate angular speeds (2 10−13 , 2.5 10−11 ,
and 2 10−9 rps, respectively).
The resisting torque 𝑇𝑟 also varies with the thickness 𝑡 of
the coating. This is shown in Figure 6, for a cylinder radius
𝑟𝑖 = 10 mm at an angular speed Ω = 10 rps. It is clear that 𝑇𝑟
increases with 𝑡 following a trend that it well fitted by a power
law 𝑇𝑟 = 𝑎×𝑡𝑏 where 𝑎 = 0.2083 (95% C.I. [0.2066, 0.2101])
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Fig. 6. Variations of the viscoelastic resisting torque with coating thickness,
for 𝑟𝑖 = 10 mm and Ω = 10 rps.

and 𝑏 = 3.4261 (95% C.I. [3.4206, 3.4317]).
Retaining a fixed value 𝑟𝑜 = 15 mm for the outer radius
of the coating, the inner radius (i.e. the radius of the rigid
cylinder) is varied between zero and 𝑟𝑜 and the curve 𝑇𝑟 (𝑟𝑖 )
is plotted in Figure 7, for an angular velocity Ω = 10 rps.
It is interesting to note that: (i) as 𝑟𝑖 becomes close to zero
(on the left), the resisting torque tends towards a maximum
value which corresponds to the limiting case of a plain
viscoelastic cylinder, and (ii) as 𝑟𝑖 approaches 𝑟𝑜 (on the right)
the viscoelastic coating becomes extremely thin and thus the
resisting torque tends to zero. The model’s data points are well
fitted by an analytical expression of the form
(
)
𝑐
𝑒
𝑎
(31)
𝑇𝑟 (𝑟𝑖 ) = (𝑟𝑜 − 𝑟𝑖 ) 𝑒(−𝑏𝑟𝑖 ) + 𝑒(−𝑑𝑟𝑖 ) ,
where the five parameters take the following values, with
their 95% confidence intervals: 𝑎 = 2.027 [2.025, 2.029],
𝑏 = 0.2842 [0.2658, 0.3026], 𝑐 = 0.7078 [0.6605, 0.7552],

𝑑 = 3.667 [3.425, 3.909], 𝑒 = 0.6416 [0.6173, 0.6659].
Resisting torque vs. cylinder radius
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Fig. 7. Variations of the resisting torque 𝑇𝑟 with the inner radius 𝑟𝑖 of the
viscoelastic coating, for 𝑟𝑜 = 15 mm and Ω = 10 rps.

IV. C ONCLUSION
It might be interesting to explore the conditions – mainly the
orders of magnitude of the parameters – under which a curve
such as 𝑇𝑟 (Ω), determined experimentally, can be inverted to
characterize the viscoelastic material of which the coating is
made, i.e. to determine 𝐺′ (𝜔) and 𝐺′′ (𝜔).
The application example presented here is also strongly
reminiscent of the phenomenon corresponding to the formation
of tides generating tidal torques that result in the tidal locking
of celestial bodies (see e.g. [12]–[20]). For instance, the reason
that we always see only one side of the moon is that it is tidally
locked to Earth. The semi-analytical computational approach
presented in this manuscript can be extended to model aspects
of the behavior of celestial bodies and possibly determine,
from remote observation, the materials of which these are
composed.
The model could also be used to study the behavior of
viscoelastic cylinders under gravitational loads such as optical
resonators in precision measurement devices (e.g. [21]) or
solid propellant grains (e.g. [22]–[25]).
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