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Abstract—In this paper, we touch on the mechanical behavior
of casing-infill composite tubes, as potential new lightweight
structural elements. The axial and the torsional behavior of
composite tubes of circular cross-section, comprising a casing
and an infill, is addressed analytically, to develop physical insight
into the mechanical interactions between these two components,
in the linear range. The influence of the material parameters
of the infill, relative to those of the casing, and of geometry
– such as the ratio of wall-thickness to diameter of the casing
– on the structural stiffness and capacity of the composite are
revealed and presented in a novel graphical form. It is shown
that significantly improved overall stiffness and capacity at yield
can be obtained by bonding a moderately softer, but highly
auxetic, infill to the casing, which highlights the need to develop
new lightweight auxetic materials, without compromising their
stiffness. These predictions are verified in torsion and confirmed
in bending by means of suitable computational models based on
the finite element method.
Keywords—composite tubes, lightweight structural elements,
auxetic materials, finite element method.

I. I NTRODUCTION
Composites play a key role in the ongoing race to develop
new structural materials with improved characteristics for the
various load bearing applications. The fundamental concept
behind structural composites lies in the judicious combination
of materials characterized by different and often complimentary properties, to achieve better overall performances.
From a structural perspective, relevant performance indicators include: (i) an improved structural efficiency characterized
by higher stiffness-to-weight and strength-to-weight ratios,
so as to satisfy conditions of deformability, serviceability,
and resistance capacity, at reduced structural dimensions and
weights, architectural constraints, and production costs, (ii)
a higher damping to stiffness ratio, so as to improve the
responses of structures to vibrations induced by dynamic
loads, without compromising their structural efficiency, (iii) an
improved structural safety, measured in terms of ductility, i.e.
larger ratios of ultimate to yield deformations, and resistance
capacities, (iv) improved application-specific performances
such as resistances to fire, blasts, impacts, abrasion and shatter,
cracking control, compactness, and reduced permeability, (v)
an improved environmental impact, which implies a reduced
consumption of energetic and material resources, an increased
proportion of safe, environmental friendly, reusable or recyclable materials.

Filled tubes are generally constituted from an elongated
tubular casing filled with a relatively softer material. These
composites include: (i) concrete-filled, reinforced concretefilled, prestressed concrete-filled, and expansive-cement-filled
steel tubes, which are broadly used in construction (e.g. [1],
[2]), (ii) concrete-filled fiber-reinforced polymer tubes, which
were reported to be effective in applications such as piling,
poles, highway overhead sign structures, and bridge components (e.g. [3], [4]), (iii) foam-filled aluminum, steel or composite tubes, or sandwich tubes, mainly used for energy absorption in applications involving very large deformation and
high strain-rates, such as impacts (e.g. [5]–[8]), and (iv) epoxy
polymer concrete-filled steel tubes, which were introduced and
studied as potential earthquake resisting elements ( [9]–[11]).
Filled tubes take more or less advantage of the confining effect
that the casing has on the infill. The differences between the
mechanical properties of the two components influence the
structural behavior of the composite. The compressibility of
the infill, which may be seen as determined by its Poisson
ratio, plays a key role in this regard.
Poisson’s ratio has been the subject of an imposing number
of papers, in the past two decades. Topics include: (i) general
articles discussing Poisson’s ratio and reviews on auxetic materials and their applications (e.g. [12]–[14]), (ii) developing
techniques to produce novel substances, such as foams, with
auxetic properties (e.g. [15]), (iii) developing new auxetic
composites or studying composites with auxetic inclusions
(e.g. [16], [17]), (iv) proposing modes of deformation and
micro-mechanisms presenting auxetic behaviors (e.g. [18]–
[20]), (v) developing models for auxetic behavior, such as
micro-structural models, or models based on homogenization
(e.g. [18], [21]), (vi) studying empty and filled cellular structures, including conventional and re-entrant honeycombs, in
relation to auxetic properties, and damping (e.g. [19], [22]–
[25]), (vii) studying auxetic fibers (e.g. [26], [27]), (viii)
studying auxetic behavior in nanomaterials (e.g. [28]), (ix)
examining specific properties of auxetic materials, such as
their indentation behavior or their viscoelastic response (e.g.
[29]), and (x) studying the nonlinear behavior of auxetic
materials and structures, such as their buckling behavior, or
their elasto-plastic behavior (e.g. [30], [31]). Materials with
negative Poisson ratios remain at the center of many current
research projects.

This work adopts a combined analytical and computational
approach to reveal the influence of dimensionless material and
geometric parameters on the structural efficiency of casinginfill composite tubes. It is for instance shown that significantly
stiffer and stronger members can be obtained by filling the
casing with a moderately softer, but highly auxetic, material.
II. A NALYTICAL APPROACH FOR THE AXIAL BEHAVIOR OF
CASING - INFILL COMPOSITE TUBES

−σzc
q

−σzf

−σzf

A. The empty tube
Consider an empty tube of circular cross-section. We will
often refer to this tube as the “casing”. Let 𝐷 designate the
mean diameter of the casing and 𝑡 its wall-thickness, as shown
in Figure 1.
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Intermediate section of the composite tube.
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Fig. 1.

Empty tube (casing) of circular cross-section.

It is assumed that the material constituting the casing
behaves linearly in the elastic range. This material is therefore
characterized by its Young modulus 𝐸𝑐 , its Poisson ratio 𝜈𝑐 ,
and its normal yield stress 𝜎𝑦 . In intermediate sections of
the tube where the axial load 𝑃 is uniformly distributed, the
normalized capacity at yield is given by
( )(
)
𝑡
𝑃𝑦
𝑡
=𝜋
1−
,
(1)
𝜎𝑦 𝐷 2
𝐷
𝐷
where 𝑃𝑦 is the axial yield load. In the following, we will
assume that the wall-thickness 𝑡 is much smaller than the
diameter 𝐷 of the tube (i.e. 𝑡/𝐷 ≪ 1). In this case, expression
(1) reduces to
( )
𝑡
𝑃𝑦
=
𝜋
.
(2)
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B. The composite tube
We now assume that a solid infill is bonded to the thinwalled tube. The exact way by which the axial load 𝑃 is
applied at both ends of the composite element does not really
matter beyond a certain distance from those ends, where
contact shear stresses vanish. An intermediate section of the
composite tube, away from its extremities, is shown in Figure
2. The normal tractions along the axial direction in the infill
and in the casing are denoted by 𝜎𝑧𝑓 and 𝜎𝑧𝑐 , respectively.
Let 𝑞 refer to the normal contact pressure between the casing
and the infill. The state of stress in the bonded solid infill is
homogeneous; it is given by
𝜎𝑟 = 𝜎𝜃 = −𝑞,

(3a)

𝜎𝑧 = 𝜎𝑧𝑓 .

(3b)

𝜈𝑓 𝑓 1 − 𝜈𝑓
𝜎 −
𝑞,
𝐸𝑓 𝑧
𝐸𝑓
1 𝑓 2𝜈𝑓
𝜎 +
𝑞.
𝜖𝑧 =
𝐸𝑓 𝑧
𝐸𝑓
𝜖𝑟 = 𝜖𝜃 = −

(4a)
(4b)

We also write the states of stress and strain in the thin-walled
casing. The principal stresses in the casing are given by
𝜎𝑟 = 0,
( )
1 𝐷
𝜎𝜃 =
𝑞,
2 𝑡
𝜎𝑧 = 𝜎𝑧𝑐 ,

(5a)
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while the principal strains resulting from those stresses are
( ( )
)
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The problem features three unknown quantities, i.e. 𝑞, 𝜎𝑧𝑓
and 𝜎𝑧𝑐 , and therefore requires three equations to be solved.
The first equation results from the compatibility of radial
displacements, or of circumferential strains, at the contact
interface. Equating expressions (4a) and (6b) yields
( )
(
( ) ( ))
𝐸𝑓
𝐷
1 𝐸𝑓
𝑓
𝜈𝑐 𝜎𝑧𝑐 = 0.
(1 − 𝜈𝑓 ) +
𝑞 + 𝜈 𝑓 𝜎𝑧 −
2 𝐸𝑐
𝑡
𝐸𝑐
(7)
The second equation falls out from the compatibility of axial
displacements and strains, which is due to shear bonding, at
the interface between the solid infill and the casing. Equating
expressions (4b) and (6c) yields
( )
( ) ( ))
(
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𝐷
1
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(a) 𝑃𝑦𝑝 /𝑃𝑦 versus 𝐸𝑓 /𝐸𝑐 , for 𝜈𝑐 = 0.35 and 𝐷/𝑡 = 20.
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(b) 𝑃𝑦𝑝 /𝑃𝑦 versus 𝜈𝑓 , for 𝜈𝑐 = 0.35 and 𝐷/𝑡 = 20.

Ratio of the capacity at yield 𝑃𝑦𝑝 of the composite tube to the capacity at yield 𝑃𝑦 of the casing alone.

The third equation corresponds to the equilibrium of forces in
the axial direction
𝜋𝐷2 𝑓
𝜎 + 𝜋𝐷𝑡𝜎𝑧𝑐 = −𝑃.
4 𝑧

(9)

Solving the linear system comprising equations (7), (8) and
(9) for the three unknown quantities yields
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𝑡
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where the dimensionless shorthand parameter ℬ is given by
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It is noteworthy that, for a solid infill characterized by the
same Poisson ratio as that of the casing (𝜈𝑓 = 𝜈𝑐 ), the normal
pressure at the contact interface vanishes (𝑞 = 0) and the axial
load is distributed between the two components proportionally
to their axial stiffness, i.e. 𝜎𝑧𝑓 /𝐸𝑓 = 𝜎𝑧𝑐 /𝐸𝑐 .
The Von Mises yield criterion for the casing, expressed in
cylindrical coordinates with 𝜎𝑟 = 0 (5a), writes (e.g. [32])
𝜎𝜃2 + 𝜎𝑧2 + 𝜎𝜃 𝜎𝑧 ≤ 𝜎𝑦2 .

(12)

The capacity at yield 𝑃𝑦𝑝 of the composite element is obtained,
in normalized form, by plugging equations (10a) and (10c) into
equations (5b) and (5c) and applying inequality (12) to get
𝑃𝑦𝑝
𝜋ℬ
,
=
2
𝜎𝑦 𝐷
4𝒞

(13)

where the dimensionless shorthand parameter 𝒞 is given by
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[
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The ratio of the axial capacity at yield 𝑃𝑦𝑝 of the composite
tube to the axial capacity at yield 𝑃𝑦 of the empty casing
is plotted in Figures 3a and 3b against 𝐸𝑓 /𝐸𝑐 and 𝜈𝑓
respectively, for 𝜈𝑐 = 0.35 and 𝐷/𝑡 = 20. These figures
show that the best improvement in the axial capacity at
yield of an empty tube can be obtained by filling the tube
with a moderately soft solid material, bonded to the tube,
and characterized by a strongly negative Poisson ratio (e.g.
𝐸𝑓 = 𝐸𝑐 /10 and 𝜈𝑓 ≈ −0.85). This observation reveals
that sufficiently stiff and auxetic materials or meta-materials
are needed. Nevertheless, it seems possible to achieve some
improvement using softer infills (e.g. 𝐸𝑓 = 𝐸𝑐 /1000 and
𝜈𝑓 → −1). More limited results can be expected from stiffer
non-auxetic infills with 𝜈𝑓 < 𝜈𝑐 . It is however important
to note that, for the softer infills, the load capacity of the
composite element drops very sharply as 𝜈𝑓 differs from −1.
The high sensitivity of 𝑃𝑦𝑝 to a material parameter such as 𝜈𝑓
may be problematic, especially as 𝜈𝑓 varies, for instance, with
temperature, or with the level of strain.
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An equivalent axial modulus 𝐸𝑓𝑒𝑞 for the bonded solid infill
can be defined as 𝐸𝑓𝑒𝑞 = 𝜎𝑧 /𝜖𝑧 , where 𝜎𝑧 and 𝜖𝑧 are given
by equations (3b) and (4b), respectively. Working out the
expression of 𝐸𝑓𝑒𝑞 in terms of material characteristics and
geometry yields
𝐸𝑓𝑒𝑞 =

f
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It is worth noting that, when the bonded solid infill and
the casing have the same Poisson ratio, the equivalent axial
modulus of the infill is equal to its Young’s modulus, i.e.
𝐸𝑓𝑒𝑞 = 𝐸𝑓 . This is explained by the fact that, when 𝜈𝑓 = 𝜈𝑐 ,
there are no mechanical interactions between the two materials in intermediate sections of the composite element since,
according to equation (10a), 𝑞 = 0.
The ratio of the axial stiffness 𝐾𝑝 of the composite tube to
the axial stiffness 𝐾𝑐 of the empty casing is readily expressed
in terms of 𝐸𝑓𝑒𝑞 , 𝐸𝑐 , 𝐷 and 𝑡
1
𝐾𝑝
=1+
𝐾𝑐
4

(

𝐷
𝑡

)(

𝐸𝑓𝑒𝑞
𝐸𝑐

)
.

(16)

The left-hand-side of equation (16) is plotted against 𝐸𝑓 /𝐸𝑐
and 𝜈𝑓 in Figures 4a and 4b, respectively, for 𝜈𝑐 = 0.35 and
𝐷/𝑡 = 20. These figures reveal that predominantly, except
in the case of limited interest where 𝜈𝑓 ∈ [0, 𝜈𝑐 ], the ratio
𝐾𝑝 /𝐾𝑐 increases with ∣𝜈𝑐 − 𝜈𝑓 ∣, which is the greatest for
highly auxetic infills. As for the capacity at yield, the axial
stiffness of the composite is highly sensitive to small changes
in Poisson’s ratio, especially in cases where the infill is much
softer than the casing. These observations further highlight
the need to develop new lightweight auxetic materials without
compromising their stiffness.

III. F INITE ELEMENT MODELING IN BENDING
A three-dimensional finite element model of a casing-infill
composite tube of circular cross-section is implemented under
the commercial software Abaqus to confirm that the synergistic
effects predicted analytically under axial loads – mainly for
auxetic infills – persist in the conditions of bending. In this
numerical model, the casing of diameter 𝐷 = 30 mm, wall
thickness 𝑡 = 1.5 mm and length 𝐿 = 450 mm is given a
Young modulus 𝐸𝑐 = 70 GPa and a Poisson ratio 𝜈𝑐 = 0.35.
The material properties of the infill – 𝐸𝑓 and 𝜈𝑓 – are
varied to explore their influence on the ratio of the bending
stiffness of the composite tube to that of the casing. The
casing is modeled using quadratic, 8–node, doubly curved,
thick shell elements with six degrees of freedom per node. The
infill is meshed using hybrid formulation, 20–node, quadratic
brick elements with linear pressure. Reduced integration is
implemented to mitigate potential locking effects, especially
near the incompressible limits. An average size ℎ = 4 mm is
retained for all elements based on a verification of convergence
revealing relative changes in the outputs of less than 0.1%
when ℎ is further divided by two. The composite tube is
subjected to conditions of pure bending corresponding to a
maximum normal stress in the casing of 𝜎𝑐𝑚𝑎𝑥 ≈ 100 MPa.
Typical model outputs for the vertical displacement field 𝑈2
are shown in Figures 5a and 5b corresponding to Poisson ratios
𝜈𝑓 = 0.35 and 𝜈𝑓 = −0.99, respectively, for 𝐸𝑐 /𝐸𝑓 = 10.
Clearly, setting 𝜈𝑓 = −0.99 renders the composite tube
roughly 2.6 times stiffer than when 𝜈𝑓 = 0.35. This reveals
that the Poisson-ratio based synergies predicted under axial
loads also occur in bending. To explore the bending behavior
further, many finite element simulations are run with 𝜈𝑓
varying between −1 and 0.5, for 𝐸𝑐 /𝐸𝑓 = 10, 20 and 100.
The numerical data points corresponding to the outputs of
these simulations are interpolated and plotted in Figure 6. The
trends observed in bending are very similar to those shown in
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Numerical results of the finite element model in pure bending:
stiffness ratio 𝐾𝑝 /𝐾𝑐 versus 𝜈𝑓 , for 𝜈𝑐 = 0.35 and 𝐷/𝑡 = 20.

Fig. 7. Torsional stiffness ratio 𝐾𝑝 /𝐾𝑐 versus 𝜈𝑓 , for 𝜈𝑐 = 0.35 and
𝐷/𝑡 = 20. The analytical predictions perfectly match the FEM data points.

Figure 4b under axial loads: i.e (i) the best improvements in
stiffness are observed with highly auxetic infills and (ii) more
stable behaviors are obtained with stiffer infills.

clearly confirms that the material synergies follow a similar
trend in torsion than under axial loads and bending.

IV. T ORSIONAL BEHAVIOR

V. C ONCLUSIONS

The casing-infill composite tube of circular cross-section
is subjected to a torsional moment 𝑇 . Due to the bonding
between the casing and the infill, the angle of twist must be
the same for the two components. It is thus straightforward to
show that the torsional stiffness ratio 𝐾𝑝 /𝐾𝑐 is given by
( )(
)
𝐷
𝐺𝑓
𝐾𝑝
=1+
,
(17)
𝐾𝑐
8𝑡
𝐺𝑐
where 𝐺𝑐 = 𝐸𝑐 / (2 (1 + 𝜈𝑐 )) and 𝐺𝑓 = 𝐸𝑓 / (2 (1 + 𝜈𝑓 )) are
the shear moduli of the casing and the infill, respectively. The
variations of the stiffness ratio 𝐾𝑝 /𝐾𝑐 with the Poisson ratio
of the infill 𝜈𝑓 are plotted in Figure 7. The match between
the analytical predictions obtained using equation (17) with
𝐸𝑐 /𝐸𝑓 = 10 and numerical results was tested by running
several simulations on the finite element model described in
section III subjected to a pure torsional moment. Figure 7

To develop physical insight into the behavior of composite
structural elements comprising a tubular casing and an infill,
and to explore potential mechanical synergies between the
materials involved, the mechanical behavior of filled circular
tubes was studied and characterized in the linear range using
a combined analytical and computational approach. The influences of the main, dimensionless, geometrical and material
parameters on the structural performances of the composite
were revealed and presented in a novel graphical form.
It was shown that significant improvements in structural
stiffness and capacity at yield can be obtained by filling a
relatively rigid tubular casing by a moderately softer, highly
auxetic solid infill, bonded to the tube. This result emphasizes
the importance of developing more auxetic materials without
compromising their stiffness.
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